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1. Introduction

One of the most important problems in quantum field theories is to understand the renor-
malization group (RG) flows and the universality classes.

In two dimensions, we have a fairly satisfactory global picture of the moduli space
MoqqrT of quantum field theories. Zamolodchikov [Eﬂ introduced a real valued function
¢ : Maogqrr — R and showed that the RG flow is a gradient flow of ¢ with respect to
the metric defined by two-point correlation functions. In particular, ¢ is monotonically
decreasing along the RG flow. Each critical point of ¢ corresponds to a fixed point of the
RG flow i.e. a conformal field theory, and the critical value is the central charge of the
Virasoro algebra of the corresponding conformal field theory.

Considerable effort has been expended to generalize these ideas to to four dimensions.
As the Zamolodchikov’s c-function is related the trace anomaly of the stress energy ten-
sor, natural candidates for four dimensional theories are the coefficients a and c of trace
anomaly [

gij <T”> = —CLE4 — CI4
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where R;;; denotes the Riemann curvature of the background geometry. It is now be-
lieved [[] that a-function will play a similar role to Zamolodchikov’s ¢ function: a decreases
along any RG flow.

It is usually difficult to compute a-functions. The situation is much better if the field
theories has supersymmetry. Any four dimensional superconformal fields theory (SCFT)
has global symmetry supergroup SU(2,2|1); SO(4,2) x U(1)g is its bosonic subgroup. For
the representation of the superconformal algebra on the chiral supermultiplet [, [, there
is a simple relation between the R-charge and the conformal dimension A of a operator O

A(0) = SR(O).

The scaling dimensions of chiral operators are protected from quantum corrections. Anselmi
et al. [, [} have shown that the U(1)g 't Hooft anomalies completely determine the a and
¢ central charges of the superconformal field theory:

_3 3 _ 1 3
a—32(3trR tr R), 0—32(9trR 5trR).

Here R denotes the generator of the U(1)r symmetry and the traces are taken over all the
fields in the field theory. Thus U(1)g symmetry is extremely useful if correctly identified;
it is in general, however, a nontrivial linear combination of all non-anomalous global U(1)
symmetries.

The crucial observation by Intriligator and Wecht [J] is that the correct combination
should be free of Adler-Bell-Jackiw type anomalies i.e. the NSVZ exact beta functions [d]
vanish for all gauge groups. Denoting by F1,..., F, the global charges of non-anomalous
U(1) symmetries, the conditions are

{ 9tr R’F, = tr F; (i=1,...,n) (1.1)

(tr REjF)} —; © negative definite

where the second line is required by the unitarity of the conformal field theory. These
conditions are succinctly stated as “exact U(1)g charges maximize a”:

Theorem 1 ([B]) Among all possible combination of abelian currents

n
Ry=Ro+ > ¢'F,
i=1
the correct U(1)r current is given by the ¢ which attains a local mazimum of the “trial”
a-function

3
(3tr R} — tr Ry).

a(¢) = 32



It is thus quite natural and important to investigate the existence and uniqueness of
the solution to the a-maximization. By continuity of the trial a-function, a maximizer
always exists on every closed set. But this may not be a critical point; the anomaly-free
condition ([L.1]) requires that the point should be critical. On the other hand, if there are
several local maxima, which one gives the “correct” R-charges? If there is a critical point
which is not local maximum i.e. saddle point, what happens? How does the change of toric
diagrams influence the maxima of trial a-functions? To the best of the authors knowledge,
however, no general answer to these questions is known.

The purpose of this paper is to answer these questions. We prove that the a-function
has always a unique critical point which is also a global maximum for a large class of
quiver gauge theories specified by toric diagrams, i.e. two dimensional convex polygons.
The monotonicity of a-function is also established in the sense that a-function decreases
whenever the toric diagram shrinks. We derive these results purely mathematically, al-
though the setting of the problem is substantially based on the conjectural AdS/CFT
correspondence or gauge/gravity duality. Hopefully, our result will be useful toward the
proof of these conjectures.

The organization of the paper is as follows. In section 2, we briefly summarize the
rule how a toric diagram determines the trial a-function of a quiver gauge theory. Section
3 is devoted to set up a mathematical framework of a-maximization and state our main
theorems. In section 4, we observe that the a-function is given by the volume of a three
dimensional polytope called “zonotope”; the uniqueness of the critical point then follows
from Brunn-Minkowski inequality as we discuss in section 5. In section 6 we show the
existence of the critical point, i.e. the solution to the a-maximization. In section 7, we
derive a universal upper bound on R-charges using the interpretation as a volume. The
monotonicity of a-function is established in section 8. In section 9, the relationship between
a-maximization and volume minimization proposed by Martelli, Sparks and Yau [[[], L]
is discussed. In particular, the Reeb vector is shown to be pointing to the zonotope center
and the results of Butti and Zaffaroni [[J] is rederived. In the final section the results are
summarized and a short outlook is given.

2. Toric diagrams and a-functions

There is a general formula for a-functions based only on toric diagrams, which we summa-
rize below. For more details we refer the reader to [I3—[1f] and references therein.

A toric diagram P C R3 is a two dimensional convex integral polygon embedded into
height one; the coordinates of each vertex is of the form (x,x,1) € Z? (figure [l). Let T
denote the set of toric diagrams. For an n-gon P € 7T, denote its vertices' by v1,vs,...,v,
in counter-clockwise order, so that

(vi,vj,v5) > 0, (1<i<j<k<n).

L As usual, we assume that all the vertices are extremal points of P. A point v € P is called an extremal
point of a polytope P if v cannot be expressed as aa + 8b where a, b are distinct points in P and «, 3 are
positive numbers such that o + = 1.



Figure 1: Toric diagram P and the cone C(P)

Here and throughout this paper, (u,v,w) denotes the determinant of the 3 x 3 matrix
whose columns are u,v,w € R3. We adopt the convention that the indices are defined
modulo n, v; = V;q,; thus (v;_1,v;,v;4+1) > 0 for all i. The cone C(P) over the base P
defined by

C(P) = RZO'Ul + ...+ Rzo’vn.

will be important for the relation with volume minimization (see section f]).

With each toric diagram P € 7T there is associated a quiver gauge theory. A quiver
is a directed graph encoding a gauge theory which gives rise to a SCFT. For our purpose,
however, a specific form of the quiver is not needed. Let Ngauge and Npyatter denote the
number of the vertices and the edges of the quiver, respectively. Each vertex is in one-
to-one correspondence with a U(N) factor of the total gauge group U(NN)Vewuge: each edge
represents a chiral bi-fundamental field. The numbers Ngayge and Niatter can be extracted
directly from the toric diagram P:

Ngauge = Z (vi, viy1, €3) = 2Area(P),

1<i<n
Nmatter = Z | {(vi —vi—1,v; —vj_1,€3) |- (2.1)
1<i<j<n
Here | | denotes the usual absolute value and e3 is the unit vector (0,0,1) € Z3.

The R-charges of chiral bi-fundamental fields are given as follows. Let B be the set
of all the unordered pairs of edges of P. An element {{v;_1,v;},{vj_1,v;}} of B will
be simply denoted by (i, ), with the convention that the oriented edge (v;—1,v;) can be
rotated to (v;_1,v;) in the counter-clockwise direction with an angle < 180°. For each
(4,7) € B, we introduce a chiral field ®; ;) of R-charge

R(‘I)(Z’])) = le + ¢i+1 +.. 4 ¢j_1
with the multiplicity
H(ig) = (vi — V-1,V — V51, 63> .

By our orientation convention, i ; ;) are non-negative. The R-charges ¢' are constrained
as

S+ P+ P =2 (2.2)
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Figure 2: An example of toric diagram and the chiral fields of the associated quiver gauge theory
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Figure 3: The coefficient c;jy.

The a-function of the quiver gauge theory is then given by

9N2
a(¢) = 3 |:Ngauge + Z :U'(i,j) (R((I)(z,j)) - 1)3 . (23)
(3,5)eB

Figure ] is an example of a toric diagram and the chiral field content of the corresponding
quiver gauge theory.

Benvenuti, Zayas, Tachikawa [[7 and Lee, Rey [[§] have shown that under the con-
straint (R.9), the a-function (R.3) can be neatly rewritten as

9N —
a(p) = §7ijk:1cijk¢ (o o) (2.4)

where

ciji = | det(v;, vj, vg)| (2.5)

is proportional to the area of the triangle with vertices v;,v;, vy sitting inside P (see
figure [). The formulas (2.4) and (R.§) make the starting point our investigation.



3. Mathematical setup and main results

In this section, we discuss the mathematical formulation of a-maximization and state our
main theorems.

Let P € T be a toric diagram and vy, vs, ..., v, the vertices of P in counter-clockwise
order, as described in section fl. Define a homogeneous cubic polynomial Fp in ¢ =
(¢',¢%,...,9") by

Fp(¢)= > |det(v;,v;,vp)| ¢'¢/ 6" (3.1)
1<i<j<k<n

Choose a real constant r > 0 and fix it. Let p : RZ; — R denote the linear function

p(¢) :=¢" +... 4+ ¢"

and set

r, ::p1<r>:{¢:<¢1,...,¢">ekgo : Zw:r},
=1

which is an n—1 dimensional simplex. Its relative interior i.e. the interior as a topological
subspace of its affine hull will be denoted by

relint(T,) = {¢ = (¢},...,¢") e R" : Zqﬁi =7 ¢ >0}

i=1

The function F'p is defined to be the restriction of Fp to I'y,. Obviously, Fp is a model
for a-function (P4), and T, (or relint(T',)) represents a physically allowed region of R-
charges. The choice of r is not important for a-maximization; the homogeneity F p(Ap) =
NE, p(¢) allows us to choose r any positive real number. Usually we set r = 2 to match
the convention (R.2).

For each toric diagram P € T, define its modulus by

3\° A
)= (3) g, Fro)
The modulus M(P) is independent of 7 and is normalized so that the smallest toric diagram
P ={v; =(0,0,1),v2 = (1,0,1),v3 = (0,1,1)} has unit modulus. This 9 is the quantity
of our primary interest.

Let G be the subgroup of GL(3,Z) which leave invariant the set of lattice points on
hyperplane (x,%,1). G induces integral affine transformations on this hyperplane: G ~
GL(2,7Z) x Z*. G acts naturally on the set of toric diagrams 7: for g € G and a polygon P
with vertices vy, -+, v,, g(P) is the polygon with vertices g(v1),- -, g(v,). The G-action
defines an equivalence relation ~ on 7:

P~qQ ety Jg € G such that g(P) = Q.

We denote by [P] the equivalence class of P. The functions Fp are G-invariant, Fp(¢)
= Fy( p)(tb), because Ep depends on P only through the areas of triangles inscribed in P.



The modulus 9 is thus well-defined on 7/ ~. In the physical context, two G-equivalent
toric diagrams P and () are associated with the identical quiver gauge theory and the same
dual Sasaki-Einstein geometry, so there is no reason to distinguish the two.

In connection with RG flow, it is interesting to compare M (P) and IM(P’) for toric
diagrams P and P’ which are not necessarily G-equivalent. The inclusion relation C on 7
naturally induces a partial order < on 7'/ ~, namely,

[P] < [P] PN 3Q,Q € T suchthat P~ Q, P ~Q', Q Cc Q. (3.2)

The basic question we shall be concerned with is the existence and uniqueness of the
critical point of Fip; we want to establish this as a mathematical fact independent of duality
conjectures. This problem is not so simple as it may appear at a first glance. For example,
consider the function

Fp(¢) = 20' 979" +4¢'9°0" + 3¢'6°¢" + ¢%0°¢"

which corresponds to the toric diagram P = {(2,3,1),(0,1,1),(0,0,1),(1,0,1)}. This Fp
has a unique critical point in relint(T'y). However,

F(9) = 20'6%0" + 8¢ ¢°¢* + 301 9°0" + 070%0*
has no critical points in relint(I'y); it is maximized at ¢ = (5, 5,0, 5) € 0T’y but this is not
a critical point. On the other hand,

F(9) = 4¢'6°6° +20'9°0" + 96 6°0" + 7676 ¢*

+4¢1¢3¢5 +¢2¢3¢5 +¢1¢4¢5 + 10¢2¢4¢5 +4¢3¢4¢5

has two critical points in relint(I'5); one is a local maximum and the other is a saddle point.
Consequently the conditions such as

® c;jr are non-negative integers,
® ¢;j); is invariant under any permutation of indices i, j, k, and

e c;;;, = 0 unless 4, j, k are distinct,

are not enough to guarantee the existence and uniqueness of the critical point in relint(I;,).
The fact that the coefficients c;j;, are given by the areas of triangles will be heavily used in
this paper.

Our main results are as follows?:

Theorem 2 (Theorem B) The function Fp : T'y, — R has a unique critical point ¢ in
relint(T'),) and ¢, is also the unique global maximum of Fp.

2The integrality of vertices v1,. .., v, will be important for constructing quiver gauge theories or Calabi-
Yau cones. But the integrality is not needed to establish the analytic properties of Fp obtained in this
paper. In fact, P can be any convex polygon on a hyperplane not passing through the origin.



Theorem 3 (Theorem [) The critical point ¢, satisfies the universal bound

0<¢i§g (i=1,...,n).

Here, the equality ¢! = 5 holds for some i if and only if n = 3.

Theorem 4 (Theorem [L0) The mazimum value of Fp is monotone in the following
sense: Suppose P and P’ are toric diagrams satisfying [P] < [P']. Then OM(P) < IM(P’).
The equality holds if and only if P ~ P'.

Some comments are in order here. The unitarity of the representation of superconfor-
mal algebra SU(2,2|1) requires that all gauge invariant chiral operators must have U(1)g
charge R > % @, Bl. Theorem [, however, yields opposite inequalities Pl < % in the con-
ventional normalization 7 = 2 (see (B.J)). This is not a contradiction because ¢! are R
charges of gauge non-invariant bi-fundamental fields.

Theorem f} can be regarded as a combinatorial analogue of “a-theorem”: the a-function
always decreases whenever the toric diagram shrinks.

There are two key ingredients in the proof of the main results. First, a-function is iden-
tified with the volume of a three dimensional polytope called “zonotope” (Proposition [I]);
Brunn-Minkowski inequality asserts that (cubic root of) volume function is a concave func-
tion on the space of polytopes. This concavity guarantees the uniqueness of the critical
point (Proposition fJ). Second key point is to show the monotonicity of modulus 9t under
simple change of the toric diagrams, e.g. deleting a vertex. This property is also used to
prove the existence of the critical point.

Here is an application of our results. The uniqueness of the maximizer implies that
there is no spontaneous symmetry break down in a-maximization:

Corollary 1. If a nontrivial element g of G fixes a toric diagram P, then the critical point
¢« of Fp is also fized by g.

4. Polytopes and zonotopes

Let R? denote a d-dimensional real vector space. A subset C' C R? is called convex if
(1 =Nz + My € C whenever ,y € C and 0 < XA < 1. For any set S C R?, its convex hull
conv(S) is, by definition, the smallest convex set containing S:

conv(S) :={ e+ (1-NyecR? : z,yes, 0<A<1}.

A polytope is the convex hull conv(S) of a finite set S in R
The Minkowski sum, or vector sum, of two subsets A and B in R? is (see figure [)

A+B:={xz+y : z€ A, ye B},
whereas the dilatation by the factor r > 0 is

rA={rx : x € A}.
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Figure 5: A zonotope (d = 3, n = 5) : generators (a), zonotope (b), cube (c¢) and zone (d).

If A and B are polytopes, then A + B, rA are also polytopes. Let P? denote the family
of all convex polytopes in R%. Two basic operations, Minkowski sum and dilatation, make
the family P? a convex set: for any A, B € P? and non-negative numbers a, 3 such that
a+ 3 =1 one has aA + 3B € P4,

Let Si,...,S, be n line segments, each of non-zero length, in R?. The polytope Z
defined as the Minkowski sum

is called a zonotope and Sy, ..., S, are called its generators (figure []). For a finite collection
of vectors X = {z1,...,x,} C RY we put S; = conv(0,z;) (i = 1,...,n), and write Z[X]
the corresponding zonotope. Equivalently,

Z[X]:{:BERd rx=MT . Ay, 0SSN <1, i=1,...,n}.



The zonotope Z[X] is the image of an n-dimensional cube [0, 1]” under a linear projection
7 : R” — R? defined by the d x n matrix X. Z[X] may also be defined as the convex hull
of 2" points

{$i1+$i2+---+mik€Rd Pl < <io <. < <, k:O,l,...,n}.

Z[X] is centrally symmetric, and its center is located at 1(z1 + ...+ xy).
The zonotope Z[X| can be decomposed into (Z) d-dimensional parallelepipeds called

cubes, each of which is a translation of
Qi ...i, == conv(0, ;) + conv(0, x;,) + ... + conv(0, x;, ).

The crucial fact is that, although such decomposition is not unique, all d-tuples {x;,,

.., x;,} C X appear exactly once in any decomposition. Since the volume of each cube
Qi ,...i, is simply given by vol(Q,.. i,) = |det(z;,,...,x;,)|, this leads to the following
volume formula for zonotopes, which will play a crucial role in this paper.

Theorem 5 (Shephard [19], attributed to McMullen)

vol(Z[X]) = Y [det(i, ... @)l (4.1)

1<i1<...<ig<n

In the rest of this paper, we will specialize to d=3 case, i.e. three dimensional zonotopes.
If no three of the n vectors a1, ..., x, are coplanar, all the facets (i.e. two dimensional faces)
of Z[X] are parallelograms. For a given generator xs, the faces which has a edge parallel to
x, form a zone going around a zonotope. Each zone consists of n—1 pairs of opposite faces,
there are altogether n(n—1)/2 pairs of opposite faces, n(n—1) pairs of opposite edges, and
therefore n(n—1)/2 + 1 pairs of opposite vertices.

The next Proposition is our key observation, which immediately follows by compar-

ing (B-1) and ([)).

Proposition 1. Let P € T be a toric diagram with vertices vi,...,v,. The function
Fp(¢) defined in ([B-1) is equal to the volume of the zonotope

Zp(¢) := ¢' conv(0,v;) + ¢ conv(0,v3) + ...+ ¢" conv(0, vy,). (4.2)

The trial a-function ([2.4) is therefore given by

A(6) = 22 N2Fp(9)

27
= _N%vol(Z .

3V vol(Zp(¢)
5. Uniqueness of the critical point

In this section, the uniqueness of the critical point of Fpis proved; the existence is shown
in the next section.

A real-valued function f on a convex set C' is concave if

F(A =Nz 4+ Ay) = (1= A)f(x) + Af(y)

,10,



for all x,y € C' and 0 < A < 1. If the above inequality can be replaced by

S =Nz +dy) > (1 =N f(x) + Af(y),

then f is strictly concave. We will use the following well known properties of concave
functions:

Theorem 6. Any local mazimizer of a concave function f defined on a conver set C' of R™
1s also a global mazimizer of f. If in addition f is differentiable, then any stationary point
s a global maximizer of f. Any local mazximizer of a strictly concave function f defined on
a convex set C' of R"™ is the unique strict global maximizer of f on C'.

Recall that the family P? of polytopes in R? is a convex set under the operations
Minkowski sum and dilatation. Thus it makes sense to talk about the concavity of a
function defined on P9, such as volume function. The following is a fundamental result in
the theory of convex bodies (for extensive survey, see [R(, 1]).

Theorem 7 (Brunn-Minkowski inequality) The d-th root of volume is a concave
function on the family of convex bodies in R®. More precisely, for convex bodies A, B C R?
and for 0 < A <1,

(vol((1 — A)A + AB)Y4 > (1 — A) (vol(A)Y? + A (vol(B)) /4 .

Equality for some 0 < XA < 1 holds if and only if A and B either lie in parallel hyperplanes
or are homothetic. >

In Proposition ], Fp(¢) is identified with the volume of a three dimensional zono-
tope. Actually, we are interested in the “family” of zonotopes Zp(¢) parametrized by
¢ =(¢,...,¢") €T, In order to apply Brunn-Minkowski inequality to this family, let us
investigate under what conditions two zonotopes are homothetic to each other.

Lemma 1. For ¢,¢' € RZ, two zonotopes Zp(¢), Zp(¢') of nonzero volume are homo-
thetic if and only if ¢ = k@' for some k > 0. In particular, two zonotopes Zp(¢), Zp(¢’)
with ¢, ¢’ € Ty, are homothetic if and only if ¢ = ¢'.

Proof. Suppose Zp(¢) and Zp(¢’') are homothetic. By assumption, they have nonzero
volume and cannot be in a hyperplane. Thus there exists x > 0 and t € R3 such that
Zp(a) = kZp(b) +t. In fact t = 0 because both zonotopes have O = (0,0,0) as the
bottom vertex. Each of them have a unique edge starting from O and parallel to v; for
all i. Homothethy implies ¢’ conv(0, v;) = k¢ conv(0,v;), so ¢ = k@' holds for all i. In
particular, if ¢,¢" € Ty, then r = p(¢) = p(kd’) = kp(¢') = kr,so k =1. O

Here we come to the key point of our analysis.

3Two sets A, B C R™ are called homothetic if A = kB +t for some k > 0 and t € R", or one of them is
a single point.

— 11 —



Proposition 2. The function
(Fp(@)'? = (vol Zp(6) '/ : RLy — R (5.1)
is concave. Moreover, its restriction, (Fp)'/3 : T, — R is strictly concave.

Proof. Let us denote the function (5.1) by fp. It suffices to show that for any a =
(a',...,a"), b= (bl,...,0") € RY,,

fP(L=XNa+Ab) = (1= A)fp(a) + Afp(b)  (0<A<T)

and the equality holds if and only if a = kb for some x > 0. One can easily check that

n

Z((l — A)a’ 4+ Ab?) conv(0,v;) = (1 — \) Z a’conv (0, v;) + A Z b’ conv (0, v;)
i=1 i=1 i=1

holds as an equality in P?. Using the notation (f.J), this is written as
Zp((1 = X)a+ Ab) = (1 — \)Zp(a) + A\Zp(b)

Then the claim immediately follows from Theorem [] and Lemma [[. O

1/3 R>o — R>g is a strictly increasing function, Fp is

Since the function = — x
maximal (resp. critical) at ¢ if and only if (Fp)'/3 is maximal (resp. critical) at ¢.
Combining Theorem f] and Proposition [, we have established the uniqueness of the solution

to a-maximization:

Proposition 3. Suppose ¢, is a critical point or a local maximum of Fp : 'y, — R. Then
¢« 18 the unique critical point and is also the global maximum over I',,.

A remark is in order here: Fp is not necessarily concave although the cubic root
(Fp)!/* is. The conifold v1 = (1,1,1),v2 = (1,0,1),v3 = (1,0,0),v4 = (1,1,0),

Fp(¢) = ¢?¢°¢* + ¢' %0 + ¢'0%¢* + ¢' %9, (9" + ¢+ ¢° + ¢ =2)

is already a counterexample; the Hessian of Fp at ¢ = (%, %, %, %) is not negative definite.

6. Existence of the critical point

This section is devoted to the proof of Theorem [] (Theorem ). The key idea is as follows.
The continuous function Fp always has a global maximum on the closed set I',,. If the
maximum point is in relint(I',,), then from Proposition B it is also a critical point and there
is no other local maxima. But if the maximum point is on the boundary 9T, it is not
necessarily a critical point — physical SCFT. Therefore to establish Theorem [, it suffices
to show that a point on the boundary 0T';, can never be a local maximum of Fp.

For this purpose, we investigate the behavior of the maximum values under the change
of toric diagrams. More precisely we will prove the following
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Figure 6: Deleting a vertex.

Proposition 4. Let P be a toric diagram with vertices vy, ...,v, in counterclockwise or-
der. Let Q) be a toric diagram obtained by deleting v, from P, i.e. the convex hull of
n—1 vertices vy,...,v,_1 as in figure . Then, for any ¢ € relint(Ty,_1), there exits
¢ € relint(I'y,) such that Fg(¢) < Fp(v).

Note that under the natural inclusion

anlcrn, ¢:(¢1""7¢n71)’_)(¢1?""¢n71’0)’

the point ¢ € relint(I';,_1) corresponds to a point on the boundary facet {¢™ = 0} of T,
and Fg is none other than the restriction of Fp to this facet. Clearly, any boundary point
of I', is obtained in this manner. Thus Proposition f| immediately implies

Corollary 2. No boundary point of 'y, can be a local maximum of Fp : '), — R.

Corollary 3. Suppose a toric diagram @Q is obtained from another toric diagram P by
removing one verter, then IMM(Q) < M(P).

By the argument given in the first paragraph of this section, we deduce from Corollary [
the following

Theorem 8. Suppose P is a toric diagram with vertices vy,...,v,. Then Fp : T’y — R

has a unique critical point ¢, in relint(I'),) and ¢, is also the unique global maximum of
Fp.

Let us turn to the proof of Proposition [l Our strategy is to show that for any
¢ € relint(I',—1) C O, there is at least one “inward” direction in which Fp is strictly
increasing. Consider two straight paths vy (¢),¢7(¢) in I, emanating from the boundary
point ¢, defined by

ot —t ifi=1, pmt—t ifi=n-—1,
Yit) =<t if i =n, and Yi(t) =14t if i =n,
@ otherwise, @ otherwise,

for 0 < ¢ < min(¢!, " 1). If either 4|, _ Fp(¢r(t)) > 0 or 4|,_oFp(r1(t)) > 0 is proved,
then we are done.

,13,



(Tn—2,Yn—2)

(Tn—1,9n-1) = (0,1)

(@nsyn) = (0,0)  (z1,91) = (1,0)

Figure 7: (z,y)-coordinates.

Note that for three vectors a, b, ¢ € R3, the relation (a, b, c) = (a x b) - ¢ holds, where
a x b denotes the cross product and - is the standard inner product. Let & € R? be a vector
defined by

E = Z (ﬁz(ﬁj’vz X Vj.

1<i<j<n—1

It is easy to see

d . .
=l i) = Y (eyn—ey)d'd! = € (va—v1),

1<i<j<n—1

Fp(Yri(t)) = Z (Cijn — Cijn-1)8'¢) =&+ (v — vy_1).

1<i<j<n—1

4
dt lt=0

Thus it suffices to show either £ - (v, —v1) > 0 or & - (v, — v,,—1) > 0 holds.
Let us choose three vectors vy, v,,_1, v, as a basis of R? and express other v;’s as

v; = 21 + YiVn—1 + (1 — 2 — yi)Up.

In the affine coordinates (z;, y;), the toric diagram P and @ looks like polygons sitting in the
first quadrant of R?, as depicted in figure[]. Note that z;y; > x;y; forall 1 <i < j <n-—1.

A straightforward calculation shows

£ (vn—v1) = det(vi,vn1,00) Y S (y; — ),

1<i<j<n—1

£- (’Un - 'Un—l) = det(”hvn—la’vn) Z ¢Z¢j(xl - xj)'

1<i<j<n—1
Since det(vy,vy,—1,v,) > 0, the claim follows from the next lemma.
Lemma 2. Let ¢b, ¢%,...,¢" " be positive numbers and

(z1,51), (T2,92), -+ 5 (Tn-2,Un-2), (Tn-1,¥Yn-1)
be n — 1 points in ]RQEO satisfying

;Y — xjy; > 0 (1<i<j<n-1). (6.1)
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Then, at least one of the following inequalities holds:

Y PF@i—z) >0, or Y ¢ (y;—yi) >0 (6.2)

1<i<j<n—1 1<i<j<n—1

Proof. Define c¢q,co,...,ch_1 by

czzw‘(Z DY ¢ﬂ’).

1<j<i i<j<n—1
Clearly ¢; < 0 and ¢,_1 > 0, and the sequence (‘;11, ;22, ;’{11 is strictly increasing since

;ifl G— pig QS"H > 0. Hence there exists k (2 < k < n—1) such that ¢1,co,...,cx_1 <0

and ck, Chk+1y---s¢n—1 > 0. The expressions is ([.4) can be rewritten as
Yoo 6 (- ) = —Z = Z il — Z (e (6.3)
1<i<j<n—1 =1
o n—1 - n—1
Yoo Vv =Y = —Z leilyi + > leilyi. (6.4)
1<i<j<n—1 i=1 i=1 i=k

Suppose that, contrary to our claim, neither of (6.9) is true. Then (6.3) and (6.4) are both
non-positive, which means

k-1 n—1 n—1 k-1
0< Z leilx; < Z il and 0< Z leily: < Z ||y (6.5)
i=1 i=k i=k i=1
On the other hand, from (E.1)),
doleil(@igk1 —wray:) 20, and D el (wiyk — zxys) < 0. (6.6)

It follows from (B.5) and (f.6) that

—1 k—1
Yr o ik |Glyi o s lGilyi _ yre
Tyl I N Sl P S
therefore x_1yr — Tryr—1 < 0. This contradicts (@) O

)

7. Bounds on critical points

In this section, we establish Theorem B (Theorem [J). As we will see, an upper bound on
the coordinates of the critical point is easily obtained using the interpretation as volumes.

Let P be a toric diagram with vertices v1,...,v,. As mentioned before, the zonotope
Zp(¢) can be cut into the union of (g) cubes and Fp(¢) = vol(Zp(¢)) equals the sum of
the volumes of all cubes. We arbitrarily fix such a decomposition. For any s (s = 1,...,n),
let Zl[s](qS) denote the union of those cubes which has at least one face belonging to s-th
zone. It is obvious that VOI(ZI[DS] (¢)) < vol(Zp(¢)) for all s. The main result of this section

is the following
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Theorem 9. If ¢, € I',, = p~L(r) is the critical point of Fp, then

c_rovlEey
* 3 vol(Zp(9))’ (s=1,...,n).

In particular, the critical point satisfies the inequalities
i T :
O<¢*§§a (’L:L...,’I’L)-

where the equality ¢% = 5 holds for some i if and only if n = 3 i.e. when the toric diagram
P is a triangle.
Theorem ] follows immediately from Lemmas [ and f] below.

Lemma 3. At the critical point ¢,

OFp 3

r

FP(¢*)

foralls=1,2,...,n.

Proof. The critical point ¢, is characterized as an extremal point of the function
G(9) = Fp(6) = A(D o' — 1),
i=1

where A is a Lagrange multiplier to impose the constraint p(¢) = r. The condition dG = 0

leads to .
F

%f@g:a (i=1,...,n). (7.1)

Since Ep is homogeneous of degree three, we have > gb’a%’ﬁ(f’) = 3Fp(¢). Multiplying (F.1)

by ¢' and summing over i, we have A\ = %F p(¢«) which is the desired result. O

Lemma 4.

saFP(¢)
9o

vol(ZE(¢)) = ¢ (s=1,...,n). (7.2)

Proof. Since every term in Fp defined by (B.1) is at most linear in the variable ¢°,

S i i s 8 o saF
vol(2;(9)) = Y. cndde =9 0¢° > bt = al;iqs—).
1<i<j<k<n 1<i<j<k<n
s € {i, 4, k}

O

It should be noted that summing (7.9) over s = 1,...,n and using the homogeneity of
Fp(¢), we have Sy VOl(Z][j]((ﬁ)) = 3vol(Zp(¢)). This corresponds to the fact that each
cube belongs to three distinct zones.
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(0,1) (1,1)

-L0) 00 (L0

Figure 8: Suspended pinch point

8. Non-extremal points and monotonicity of the modulus 9

This section is devoted to the proof of Theorem ] (Theorem [I0)).

In the preceding sections, we have assumed that all the vectors v, vs,...,v, are ex-
tremal points of the toric diagram P. Under this hypothesis, it is shown in Theorem |§ that
the critical point ¢, of Fp is driven away from the boundary of I',,. Occasionally we want
to relax this assumption to deal with the geometry such as a suspended pinch point shown
in figure §.

In this section, we allow P to be simply a set of integral vectors of a form (x,x*,1),
not necessarily the vertices (extremal points) of a convex polygon. Such P will be referred
to as a generalized toric diagram; the set of generalized toric diagrams will be denoted by
Tgen- The definitions of the zonotope Zp(¢), the function Fp = vol(Zp(¢)) and M(P)
goes through without any change for any P € Tgen; we agree that the coefficient c¢;jy is
always given by |det(v;,vj,vy)| even if the triangle A(v;, v;, v;) has negative orientation
or contain other v; inside.

The next Proposition shows that if a non-extremal point v, exists, the maximization
process drives us to the boundary ¢” = 0. Therefore, as far as the maximization of Fp is
concerned, the non-extremal points are safely ignored. In physical terms, the corresponding
global symmetry “decouples” as a result of a-maximization.

Proposition 5. Let P = {v1,...,V,} € Tgen be a generalized toric diagram. Suppose v,
18 not an extremal point of the convexr hull of P. Then the volume Fp : '), — R attains its
mazximum on the boundary 0T, corresponding to the hyperplane ¢P = 0. In other words, if
we put P':= P\ {vp} = {vi,...,0p—1,Vpt1,...,Vn} € Tgen, then

F = Fpi(¢)).
b PP () = e, (@)
Corollary 4. For any P € Tgen, the mazimum values of Fp is solely determined by the

convex hull of P; if P and Q are two generalized toric diagrams such that conv(P) =

conv(Q), then M(P) = M(Q).

Proof. (of Proposition f)
There are two cases to be handled: (i) v, € 9P and (ii) v, € relint(P) (figure ).
Consider the case (i) first. Let us assume v, is on a edge relint(conv(vg,vp)); put
v, = av, + Pvy, for some o, > 0, a + B = 1. Suppose that, contrary to our claim, the

,17,



v
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Figure 9: Left, case (i): v, = av, + fvp. Right, case (ii) : v, = av, + Bvy + Y.

"
N
N
N
g —_—

S, (6" + ag)vq (6" + BeP)vy,

¢vq

Figure 10: Elimination of the non-extremal vector v, = av, + Bv.

maximum of Fp is attained at ¢ = (¢',...,¢",...,¢") with ¢? > 0. Then we have a
following proper inclusion (figure [[J):

¢a [O’ va] + ¢b[0’ vb] + gbp[o, vp] = QSQ[O’ 'Ua] + gbb[o’ Ub] + ¢p[0, avg + ﬂ’vb]
C (6" +ad")[0,va] + (¢ + Be")[0,m].  (81)
Adding 3,0, #'[0, v;] to both sides of (B.1)), we have Zp(¢) € Zp(¢s), where the point

e € OI'), is defined by
o* + ag?, if i =a,

* o, if i = p,
&, otherwise.

Thus we have Fp(¢) = vol(Zp(¢)) < vol(Zp(de)) = Fp(¢e). More explicitly,
Fp(¢s) = Fp(d) = aB Y |det(vq, vy, v;)|¢"6"6" > 0.
i#a,b,p

This contradicts the assumption that ¢ is a maximum point.

The case (ii) is similar. There exist three vertices wvg, vy, v, (a,b,c # p) such that
v, € conv(vg, Vp, V). Let a, 3,7 be three nonnegative numbers such that a + 5+ v =1
and v, = av,+pBvy+7yv.. To obtain a contradiction, suppose that Fp takes its maximum at
é=(p',...,¢"7,...,¢") € T, with ¢ > 0. We have a following proper inclusion (figure [L1])

¢7[0,v4) + ¢°[0, vp] + ¢°[0, v] + ¢7[0, )]
= ¢[0,v,] + ¢°[0, vy + ¢°[0, v ] + ¢P[0, AV, + vy, + v
C (6" + ag?)[0,v,] + (¢° + BPP)[0,vp] + (¢° + 76°)[0,0°v.].  (8.2)
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Figure 11: Elimination of the non-extremal vector v, = av, + Bvy, + Yo,

Figure 12: Elongating one or two edges of a toric diagram

Adding 3220 cp #'[0,v;] to both sides of (§-F), we have Zp(¢) C Zp(¢s) where the point
e € Oy, is defined by

o + ag?, ifi=a,

# + BoP,  ifi=0b,
¢y =1 ¢°+¢P, ifi=c,

0, if i = p,

@', otherwise.

Thus we have Fp(¢) = vol(Zp(¢)) < vol(Zp(¢e)) = Fp(¢s). More explicitly, the volume
increases by

FP(¢') - FP(¢) = CE/B’)’ ‘ det(vaa Vp, vc)‘¢a¢b¢c+aﬂ Z ’ det(vch Uy, vi)‘¢a¢b¢i

i#a,b,p

+ﬂ’7 Z ‘det(vb7v67vi)‘¢b¢c¢i+7a Z ‘det(v67vaavz’)’¢c¢a¢i>0-

i;éb,c,p /L'#Cva’p

This is a contradiction. OJ

We investigate a few more ways of changing toric diagrams.

Proposition 6. Suppose a toric diagram P is obtained from a toric diagram @ by elon-
gating one or two edges of Q as in figure [[3. Then, M(Q) < M(P).
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Figure 13: Pushing out a vertex of a toric diagram

Proof. Consider the toric diagram P in figure [ on the left. v; is non-extremal point of
P, thus

(

({v1,v2,...,00_1,0,}) by Corollary fi
({v1,v2,...,v0-1}) by Corollary
(

The toric diagrams on the right of figure [[3 can be handled in much the same way. O]

Proposition 7. Suppose a toric diagram P is obtained from a toric diagram @ by pushing
out one vertex of Q as depicted in figure [[ on the left. Then, M(Q) < M(P).

Proof. Label the vertices of P and @ as in figure [§. Construct another polygon* R =
{v],va,...,v,_1,v,} by extending the edge (v, v1) into the direction of v; until it touches
the edge (v}, v9) at v} (figure [[3, right). Clearly Q@ C R C P. Applying Proposition [
twice, we have IM(Q) < M(R) < M(P). T

Now suppose P and P’ are two toric diagrams satisfying P C P’. It is clear that there

is a sequence of toric diagrams (or rational polygons)

P=QCQiCQ@QC...CQr1CQr=PF (8.3)
such that @; (1 < i < k) is obtained from Q;_1, either
e by adding an extra vertex to ;1 (Proposition i),
e by elongating one or two edges of Q;_1 (Proposition [§), or
e by pushing out one vertex of ;—; (Proposition ).

In either case, we know that 9(Q;—1) < M(Q;). Consequently, we have demonstrated the
following monotone property of the maximum value of Fp, or modulus 9(P), with respect

to the change of the toric diagrams:

4The coordinates of the vertex v} are rational numbers in general; the polygon R is not a toric diagram
in the strict sense. The conclusion is true, however, because all the results used here are proved with no
assumption on the integrality of the vertices.

,20,



r b=7p(d)
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b C(P)

Figure 14: Zonotope and Reeb vector b Figure 15: Fibration 7p : R, — C(P) and
fiberwise critical point op(b).

Theorem 10. Let P and P’ be two toric diagrams satisfying [P] < [P'], where < is the
partial order defined in ([5.2). Then M(P) < M(P'). The equality holds if and only if
P ~ P’ i.e. equal up to integral affine transformations on Z>.

9. Relation to volume minimization

In the preceding sections we have concerned ourselves with the extremization of homoge-
neous polynomial Fp : R%; — R under the constraint

p()=¢' + ...+ " =T (9.1)

Now consider a following variant of the extremization problem.
As before, let P € T be a toric diagram and vy, ..., v, be its vertices in counterclock-
wise order. Define a map 7p : RZ, — R3 by

n

mp(9) =) ¢vi.

i=1

The image of mp is the cone C(P) over the toric diagram P (figure [[). In terms of the
zonotope Zp(¢), b = wp(¢) is the location of the vertex opposite to the origin 0, and %b
is the center (figure [[4). As we will see, b € C(P) can be identified with the Reeb vector
of a Sasaki-Einstein manifold.
Due to the fact that each v; is of the form (x, %, 1), the constraint (D.1]) factors through
the projection mp:
p: Ry, 15 Cc(P) 2 R

U U U

r, =& rP 15 {r}

where h(z,y,z) = z. The image of I';, under 7p is rP = h~!(r), namely the horizontal
slice of the cone C'(P) at height r.
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For a generic b € C(P), the fiber 75" (b) of the projection 7p : RZ, — C(P) is
an (n—3)-dimensional convex polytope. This fibration structure allows us to extremize
Fp : I, — R in two steps: first in the fiber direction, and then in the base direction

(figure [[5):
max Fp(¢) = max{ max FP(¢)}.

$E€ln berP \geny (b)

The following theorem shows the maximization along the fiber direction is rather
straightforward and admits an explicit solution.

Theorem 11. Letr >0 and b be a point in rP C C(P).
i) The restriction Fp| _1,, of Fp along the fiber m5%(b) is a quadratic polynomial.
w5 (b) P

(i) The quadratic polynomial Fp|ﬂ_1(b) has a unique critical point op(b) and it is also
P
a mazimum. The point op(b) is determined as follows: Let £p : R® — R" be a
vector-valued rational function defined by

(Vi—1, 4, Vig1)

2(®) (b,v;—1,v;) (b,v;,vi11)’ (beR’, i=1,...,n)
Then
7 T i
op(b) = Vo (b) p(b), (i=1,...,n) 9.2)
where

Vp(b) :== > _lp(b).
=1

The critical value is given by

. . r
¢er7rrl§1>ib) Fp(¢) = Fp(op(b)) = Vo)

Before we turn to the proof of Theorem [L1], it is useful to take a small detour into the
AdS/CFT correspondence and the volume minimization.

The AdS/CFT-correspondence [P2-P5| has brought a novel insight into the relation
between N=1 SCF'T and Sasaki-Einstein manifolds. The world-volume theory on the D3
branes living at conical Calabi-Yau singularities is dual to a type IIB background of the
form AdSs x Y, where Y is the five dimensional horizon manifold [2q—R§]. Supersymmetry
requires that Y is a Sasaki-Einstein manifold and the cone X = C(Y') over the base Y is
a Calabi-Yau threefold with Gorenstein singularity.

If Y is toric, i.e. its isometry group contains at least three torus, then X is a toric
Calabi-Yau singularity. It is known [RJ] that every toric Gorenstein Calabi-Yau singularity
is obtained as a toric variety Xp associated with a fan C'(P), the cone over a toric diagram
P. The toric variety Xp is equipped with a moment map p : Xp — R? associated with
the 7% C (C*)3 action. The image of y is the dual cone C(P)V, and the generic fiber of u
is T°. The corresponding Sasaki-Einstein manifold Yp has a canonically defined constant
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norm Killing vector field, called Reeb vector field; it is identified with a vector b in C(P)
via moment map p. FEach vertex v; of P determines a toric divisor D; in Xp, which is a
cone over a certain calibrated three dimensional submanifold ¥; in Yp.

The Calabi-Yau cone X p can be also constructed as a symplectic quotient [BJ—B3] (up
to some finite abelian group)

Xp~C"//(C*"3, (9.3)

The standard (C*)™ action on C" can be decomposed into (C*)"~2 and (C*)3 corresponding
to the exact sequence

0 —R" S R*" 2R3 — 0.

The (C*)"3 action, defining the quotient action in (P.J), is called baryonic symmetries
in physics literature; (C*)? acting nontrivially on Xp is referred to as flavor symmetries.
The flavor (resp. baryonic) symmetry corresponds to the base (resp. fiber) direction of the
fibration 7p : R%, — C(P).

According to the prediction of AdS/CFT correspondence, the central charge a of the
SCFT and the volume of the internal manifold are related as [B3, B4]

N273
“T 1 vol(Y)’

while the exact R-charges of chiral fields are proportional to the volumes of three cycles

Ei C YP @] 1(2')

" 3 vol(Y)

It is usually quite difficult to obtain Einstein metrics explicitly; it thus appears im-

possible to compute these volumes. Remarkably, Martelli, Sparks and Yau [0, [[1]] proved
that the volumes of Yp and ¥;’s can be computed without actually knowing the metric,
provided the Reeb vector b € 3P is known for the Calabi-Yau cone®:

vol(%;) = 2r%0%(b),

T " 7'('3
vol(Yp) = EZvol(z,~) =S Vp(b).
=1

Here, the functions ¢, (b) and Vp(b) of b are nothing but those defined in Theorem [L1].
Even more importantly, these authors showed that the correct Reeb vector is characterized
as the vector b € 3P which minimize the “trial volume function” Vp(b). This is a beautiful
geometrical counterpart of the a-maximization.

It should be clear now how the volume minimization and “a-maximization in two steps”
are related. Theorem [[1 can be summarized as the following

Theorem 12. (i) For b = (x,,r) € relint(rP), the trial volume function Vp(b) is in-
versely proportional to the maximum of the a-function in the fiber 7T1_;.1(b) :

max Fp(¢p) = .
sens(b) r(9) Vp(b)

5The number 3 of b € 3P is due to the fact that dim¢ Xp = 3.
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(i) The a-mazimization and the volume minimization are equivalent in the sense that

r

max Fp(¢p) = - .
—1(r Vp(b
sep71() beriin ) VP ()

Theorem [[J is essentially due to Butti-Zaffaroni [[[3]. Our approach has an advantage that
the existence of the maximum in each fiber is almost immediate from the concavity. ©
Let us now turn to the proof of Theorem [[]. We first prove the following

Lemma 5.
Fp(¢) = (Z ¢sz‘> : ( > ¢t x vk)-
i=1 1<j<k<n
Proof. The right hand side can be rewritten as follows:
Z Z &'¢ ¢F (vi, v5,vp) = ( Z + Z + Z >¢’¢J¢k (vi,vj, V)
i=1 1<j<k<n 1<i<j<k<n 1<j<i<k<n 1<j<k<i<n

= > PP (i, vs, k) + (v, v, 08) + (v, vi, ;)

1<i<j<k<n
n
= Z ¢Z¢j¢k((vi,’0j,vk> — (v, vj, V) + (vi, V5, Vk))
1<i<j<k<n
n
= Z ¢Z¢]¢k <viavjavk‘> = FP(QS)
1<i<j<k<n

O

The first claim of Theorem [[1 follows immediately from Lemma [f; the restriction of
Fp to the fiber 7T1§1(b) equals a quadratic polynomial

n

Q)= Y. (bvju)dlet,  (penp (b)),

1<j<k<n

To compute the critical point of @, introduce an n x n symmetric matrix A = (A4;;) defined

by
1

Az’j:Aji:§<b,’Ui,’Uj>, (1§1§]§n)

so that Q(¢) = 3275, Aijd' 7.

The extremization of @ : 7T1§1(b) — R is equivalent to that of a function Q defined by

Q=) Ay¢'¢’ =X O ¢'v;—b)
i=1

1,j=1

In @] it was shown that the extremal point of Fp(¢) corresponds to the minimum of Ve (b); but
whether the extremal point is a local maximal or not remained open in their paper.
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where A € R? is the Lagrange multiplier imposing the constraint 7p(¢) = b. The equation
dQ = 0 gives

QZAijUp(b)j—A-’Ui:O, (i:1,...,n) (9.4)
j=1
or equivalently,
o1& g
op(b)' =5 (AN v (i=1,...,n) (9.5)

j=1
In appendix, the inverse matrix A~!, which exists if b € relint(C(P)), is explicitly calcu-
lated. Applying Proposition § (i) to (P.g), we have

Up(b)l _ 5 |:(A—1)zz—1}\ cvq + (A_l)”}\ v, + (A_l)”—HA Vi
1 (Vi—1,i,Vit1)
== A-b
2 (b, vi—1,v;) (b, v, vi11)
1 .
= 3B Gb),  (i=1....n). (9.6)

Summing over i and using the constraint r = > | op(b)’, one has

1 r r
2 A0 = S ) T Ve (o) 6.7

The formula (P.9) follows from (0.4) and (P.7). The critical value is then given by, from (p.4)

and (p.7),

Qor(®) = 3~ op®)(Ayor(b)’) = 5 opb) (A v)
ij=1 i=1
= A mp(op(b) = 3A-b= Vpr(b)

The critical point o(b) of @ is easily seen to be a maximum along the similar lines as the
proof of Proposition f. This completes the proof of Theorem [L].

10. Summary and outlook

In this paper, we proved that for any toric diagram P, the a-maximization always leads to
the unique solution, which satisfies a universal upper bound. A combinatorial analogue of
a-theorem is also established: the a-function always decreases when a toric diagram gets
smaller. The relation between a-maximization and volume minimization is also discussed.

A tacit assumption in this paper is that a quiver gauge theory is uniquely determined
by a toric diagram. The formulae (£.4) and (R.) are associated with toric diagrams so
naturally that there seems to be no other choice. However, the brane-tiling technique [B6,
[L5] allows us to produce many examples of gauge theories whose matter content is different
from what we studied in this paper; they are regarded as realizing different “phases”

of the same SCFT. The gauge theory studied in this paper is called “minimal” in [[L2];
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conjecturally the number of chiral fields given in (R.I)) is smaller than that of any other
possible phases. It is interesting to study a-maximization of those non-minimal phases and
compare with the minimal ones.

Since the polynomial Fp is defined over the integers, the maximum value of Fp or
M(P) is always an algebraic number. Does this critical value characterize SCFT uniquely?
In two dimensions, there are examples of non-isomorphic CFTs with equal Virasoro cen-
tral charges. The situation is not clear for higher dimensions. As we have seen, the

a-maximization defines a natural map
m T/ ~ — @ﬁ R>o.

Theorem [L( asserts that 9 is strictly decreasing along any descending chain (totally or-
dered subset) of 7/ ~. Although Area(P) shares this property, they just encode the
number of gauge fields; there are many toric diagrams of the same area but different mod-
ulus. It seems that modulus 9 is far more sensitive to the shape of toric diagrams than
the area. We conjecture that the map 9 is injective.

Probably the most important question is why zonotopes come into play in a-maximiza-
tion. We believe that a deeper understanding of this will shed new light on the AdS/CFT

correspondence.
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A. A symmetric matrix and its inverse

Proposition 8. Let b,vy,...,v, be vectors in R® and A = (A;j) be an n x n symmetric

matriz given by

1
Aij:Aji:§<ba'vi7'Uj>7 (1<i<j<n).

Define an n x n symmetric ‘almost tridiagonal’ matriz B = (B;;) by

( (b, vi—1,viy1) v
- 9 Zf.] =1,
(b, vi—1,v;) (b, v, vi11)

1

s ifj=1i+1,

Bjj = Bj; = { (b,vi,vit1)

1

—_ ifi=1 and j = n,

<b7 ’Ul,’vn> f J

0, otherwise,

for 1 <i<j<n. Here vy := v, and Unps1 := v1.
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(i) For1<i<mn,

('Uifla Uy, ’Uz'+1>
<b’ Vi—1, ’Ui> <b’ Vi, Ui+1>

Bii_1vi1 + B v; + B i110i41 = b. (A.1)

Here we assume By = —B1,, and By, p41 = —Bp 1.

(ii) The matrices A and B are inverse to each other.

Proof. (i) Suppose for a moment that v;_1,v;, v;+1 are linearly independent. Expanding
b as b= av,_1 + fv; + Y41, it is easy to check that the both sides of (A.])) are equal to

1

ay (Vi—1, V4, Vit1)

(avi_1 + Bv; + Yvit1).

Since ([A-]) is an equality of a rational functions of v;’s and b, (A.l]) is true in general by
the continuity argument.

(i1) It suffices to verify BA = I, entry by entry. For 1 <i < j <n,

(BA)ij = Bii-1Ai-1j + Biidij + Biit14iy1
1

1 1
= §Bi,i—1 (b,v;_1,v;) + §Bm‘ (b,v;,vj) + §Bi,i+1 (b,vi41,v;)

1
=5 (b, (Bii—1vi—1 + Bi;v; + B; i11vi41),v5)

which vanishes by ((A]). Similarly (BA);; =0 for 1 < j < i < n. On the other hand, for
1< <n,
(BA)i; = Bii—1Ai—1; + Biiv1Aiv1,
= Bi_1,;Ai—1,+ Biit14ii+1

1 1 1 1
= — —(bv;_1,v;) + ———— - = (b, v; A
(b, vi1,vi) 2< i 1’vz>+<b,’vi,’v@'+1> 2< ) Vit1, Vi)
1 1
=-+-=1
2+2

With extra care for signs, the cases of ¢ = 1,n are similarly verified. [J
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